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Abst ract - -An  8pproximate Ricmmm solver is presented for the compressible flow equations with a 
(convex) equation of state in a Lsgrangian frame of reference. 
i. INTRODUCTION 
In 1988 Glaister [1] proposed an approximate linearised Riemann solver for the equations of 
gas dynamics with real gases in an Eulerian frame of reference. This was an extension of an 
earlier Riemann solver developed by Roe [2]. In certain applications, however, (e.g., problems 
with moving boundaries or interfaces), it is more appropriate to work in a Lagrangian frame 
of reference. In this case, the phase space solution for the Lagrangian equations i  found first, 
and then the physical space solution in the Eulerian frame is obtained by applying a coordinate 
transformation. The purpose of this paper is to present a scheme of the type given in [1], but 
for a La~rangian coordinate system. This enables computer codes based on the Riemann solver 
in [1] to be adapted for problems where a Lagrangian description is preferred. 
2. EQUATIONS OF  FLOW 
2.1. Equations of motion 
The one-dimensional equations of compressible flow can be written in conservation form as 
+/m = 0, (2.1) 
where 
w = (v,  u, e) T (2.2) 
and 
f = (-u,p,  up) T. (2.3) 
The quantities (P', u,p, e)(m,t) represent the specific volume (with P" = 1/p, p density), velocity, 
pressure, and total specific energy as functions of a mass coordinate m and time t. The mass 
coordinate m is related to the space coordinate z through 
dm= p dr. (2.4) 
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In addition, we assume that there is a convex equation of state, relating p, V and i of the form 
p = p(V, i), (2.5) 
where i is the specific internal energy and is given by 
i u2" (2.6) e=i+~ 
(N.B. The condition that the function p(., .) is convex can be written as > 0, where S is 
entropy, and ensures that the only elemental hydrodynamic waves that need toSbe considered are 
shocks or rarefactions.) We also assume the conditions Pt' < 0 and pi > 0, which are sufficient [3], 
but not necessary [4], for (2.1) to he hyperbolic and the corresponding Riemann problem to have 
a unique solution. 
9.P, Jacobian 
a/ 
The Jacohian matrix A = ~ has eigenvalues 
A1,2,a = -l-C, O, (2.7a--c) 
with corresponding eigenvectors 
and 
~i,~ = (I, :FC, -p  :F Cu) T 
\ Pl / 
where the Lagrangian sound speed C is given by 
C 2 = pp~ - pv 
and is related to the sound speed c by 
(2.8a-b) 
(2.so) 
(2.9) 
C = pc. (2.10) 
(N.B. If instead, p is given in terms of p and i, then Pv can be replaced by _p2pp.) 
3. APPROXIMATE RIEMANN SOLVER 
In this section we state an approximate Riemann solver for the compressible flow equa- 
tions (2.1)-(2.2). 
3.1 Wavespeeds for nearby states 
As in [1], we consider the solution at any time to consist of a series of piecewise constant states. 
Our aim is then to solve each of these linearised Riemann problertm a p ~ y .  Consid~ two 
(constant) adjacent states wt, wt+l close to an average state w, at coordinates mk and ml,+l. 
We assume that we have corresponding approximate eigenvalues and eigenvectom 
AI,2,s = -'-C, O, (3.1a-c) 
ri,2 = (1, q:C, -p q: Cu) T (3.2a-b) 
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and 
corresponding to the average state w. 
Seeking coefficients al,2,s such that 
( rs= 1,0,- (3.2c) 
A w = ~ aj~j (3.3) 
j=l 
to within 0(A2), where A(.) = (')k+1 - (')k, we find that 
1 
~1,~ = ~ (-Ap q: CAu)  (3 An-b) 
and 
AP (3.4c) 
as = AV + C2. 
It is then a straightforward matter to check that 
A f  = ~ Aja~jrj (3.5) 
~ j= l  
to within 0(A2). 
3.2 Decomposition for general wk, wk+l 
The Riemann solver is now constructed by finding average igenvalues ~1,2,a and corresponding 
eigenvectors ~l,2,s such that 
, . , .  = ~ ~,j;j (3.6) 
j= l  
and 
3 
Af = ~ ~j~j~j, (3.7) 
" j=1 
where 
~1,2,s = ±C', O, (8.Sac) 
%,~ = (1, :FS,-~ :F ~,~)T, (8.9n-b) 
(1,o ~"~" (39c) 
~1,2 --" 1 (__~p =F CAu),  (8.i0n-b) 
ms = AV + ,,~p,,, , (3.10c) 
O 2 
9 2 = PP,- Pv. (3.11) 
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Thus, we have to determine averages ;, p, Pv, Pi, where the last two represent approximations 
to the derivatives of the equation of state (2.5). This type of construction was used in [1] in the 
case of an Eulerian frame, and gave rise to an efficient, shock-capturing algorithm. 
Solving, we find that 
1 = ~ (uk + uk+l), (3.12) 
1 
= ~ (Pk + Pk+l) (3.13) 
and PV, Pi satisfy 
We note that the solution of (3.14) is not unique. 
and ~, are 
~v =Pv~,ff) I if IA~VI < 10-' and 1~i---[ < 10-q 
Pi = p~(V, i) ) V i 
and 
with 
laWl @ } 
~v--pv(~',7) + I~Vl-4-IAil AV 
Imil 6p 
~, -- p,(~', 7) ÷ Iz~Wl + IAil Ai 
(3.14) 
However, suitable approximations for Pv 
(3.15a) 
otherwise; (3.15b) 
and 
6p = ~p-  vv(v, 7) aw - p,(P, 7) ai, (3.15c) 
1 7 = ~ (i~ + ik+l) (3.16) 
- ~ ,  (3.17) 
where the integer q is machine dependent, (see [5]). (N.B. We choose to make ~" - ~ so 
that with the obvious average for the sound speed 
(~  ~ ) '~ 2 C 2 : i - -  PV  , 
then 
"d = VC, 
or  
= pC,  
where 
?=1 
~-  -~ ~ e ' ~  1 . 
V 
Further, if it is more convenient to give the equation of state (2.5) in the form p - p(p, i), then 
we have 
with the average pp defined in a similar way to that for Pv .) 
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3.3 Numerical Scheme 
The Riemann solver constructed above can then be incorporated into a numericed scheme 
for advancing an approximation to the solution of (2.1)-(2.2), from time t = nat to time t = 
(n + 1) At, where At is a timestep, as 
wn+l  to n At  fk+~- - . fk -~ • 
~k =~k-~\~ , ~ . /  
The numerical f uxes are given by 
$=1 
where the ~j, ~j and ~j are those given in Section 3.2 for the cell (k, k + 1), and with similar 
results for ~k-½. 
As in [1], this scheme can easily be modified to treat expansion waves correctly, and to be 
second order accurate. 
,4. CONCLUSIONS 
We have used the ideas given in [1], for compressible flows of real gases in an Eulerian frame 
of reference, to develop an efficient, shock-capturing scheme for similar flows, but within a La- 
grangian framework. Thus, problems where this alternative approach is preferred can be tackled 
with the same degree of confidence as that offered by the original scheme [1]. 
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